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SIMPLICIAL COHOMOLOGY OF AUGMENTATION IDEALS
IN ℓ1(G)
YEMON CHOI
Abstrat. Let G be a disrete group. We give a deomposition theorem for the
Hohshild ohomology of ℓ1(G) with oeÆients in ertain G-modules. Using this
we show that if G is ommutative-transitive, the anonial inlusion of bounded
ohomology of G into simpliial ohomology of ℓ1(G) is an isomorphism.
1. Introdution
The bounded ohomology of a (disrete) group G is known to embed as a summand
in the simpliial ohomology of the onvolution algebra ℓ1(G). Consequently, knowing
that the bounded ohomology of G is non-zero, or non-Hausdor, immediately implies
that the simpliial ohomology of ℓ1(G) is non-zero or non-Hausdor respetively.
In this artile we observe that for a wide lass of disrete groups, inluding all torsion-
free hyperboli groups, this summand is the only non-zero ontribution to simpliial
ohomology: more preisely, the aforementioned inlusion of bounded ohomology into
simpliial ohomology is an isomorphism. The preise statement is given as Theo-
rem 3.4 below. By standard homologial arguments (see Lemma 3.1 below) we may
reast our result as saying that the augmentation ideals for these groups are simpliially
trivial, in the sense that the `naive' Hohshild ohomology groups H∗(I0(G), I0(G)
′)
vanish: see Corollary 5.1. Thus our work is a partial generalization of results of
Grnbk and Lau ([4℄) on weak amenability of suh ideals.
Our work is also motivated by the preprint [10℄, in whih a version of our deompo-
sition theorem is given for seond-degree ohomology: there, the onlusion is stronger
beause the seond bounded ohomology of any disrete group is known to be a Banah
spae (no suh general result is true for degrees 3 and above).
Remark. After the main work of this artile was ompleted, the author learned of
the artile [9℄. The two artiles do not overlap muh, but the proof of our main
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deomposition theorem ould be signiantly shortened if [9, Corollary 3.7℄ were valid.
However, the laim made in that orollary seems to require further justiation: see
Example 3.5 below for more details.
2. Notation and homologial bakground
Throughout we shall denote the identity map on a Banah spae, module or alge-
bra by id (it will be lear from ontext what the domain of id is). Isometri linear
isomorphism of two Banah spaes E and F will be denoted by E ∼=
1
F; the dual of
a Banah spae E will be denoted by E ′. Given a family (E(x))x∈I of Banah spaes
and p ∈ [1,∞], we an form the ℓp-diret sum of the E(x) in the obvious way: this
will be denoted by
[p]⊕
i∈I E(x). Given a Banah algebra A, our denition of a Banah
A-bimodule M is the usual one: we require that the ations of A on M are jointly
ontinuous, but not neessarily that they are ontrative. When we write M ′, we ta-
itly assume that it is equipped with the anonial A-bimodule struture obtained by
taking adjoints of the ations of A on M.
(Isometric) isomorphism of chain complexes and functors. We assume famil-
iarity with the notions of hain and ohain omplexes of Banah spaes and modules.
For sake of brevity we adopt the onvention that our hain and ohain omplexes
vanish in degrees ≤ −1, i.e. are of the form
0 ✛ E0 ✛ E1 ✛ . . . or 0 ✲ M0 ✲ M1 ✲ . . .
Definition 2.1. Let A be a Banah algebra, and let E∗ and F∗ be hain omplexes
of left Banah A-modules. We say that E∗ and F∗ are topologially isomorphi as
(module) hain omplexes if there exist mutually inverse hain maps f : E∗ → F∗ and
g : F∗ → E∗, with eah fn (and hene eah gn) a ontinuous A-module map.
If we an moreover arrange that eah fn (and hene eah gn) is an isometry, we say
that the hain omplexes E∗ and F∗ are isometrially isomorphi, and write E∗ ∼=
1
F∗.
Hochschild cohomology. We repeat some bakground material in order to x our
notation. Let A be a Banah algebra and M a Banah A-bimodule. The Hohshild
ohain omplex is
(1) 0→ C0(A,M) δ✲ C1(A,M) δ✲ C2(A,M) δ✲ . . .
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where for eah n ∈ Z+, C
n(A,M) is the Banah spae of all bounded n-linear maps
from A to M, and the oboundary operator δ : Cn(A,M)→ Cn+1(A,M) is given by
(δψ)(a1, . . . an+1) :=


a1ψ(a2, . . . , an+1)
+
n∑
j=1
(−1)jψ(a1, . . . , ajaj+1, . . . , an+1)
+(−1)n+1ψ(a1, . . . , an)an+1
(the proof that (1) is a omplex is straightforward).
We denote the kernel of δ : Cn(A,M)→ Cn+1(A,M) by Zn(A,M) and the range of
δ : Cn−1(A,M)→ Cn(A,M) by Bn(A,M). The quotient vetor spae Zn(A,M)/Bn(A,M)
is the nth ohomology group of A with oeÆients in M, denoted by Hn(A,M).
The ase where M = A ′ merits speial attention. If Hn+1(A,A ′) = 0 for all n ≥ 1,
we say that A is simpliially trivial .
For most of this artile A will be the ℓ1-onvolution algebra of a disrete group G.
There is a anonial one-dimensional ℓ1(G)-module, denoted by Cε, orresponding to
the augmentation harater on G: we shall sometimes refer to Hn(ℓ1(G),Cε) as the
nth bounded ohomology group of G.
Although we do not require muh of the mahinery of Ext we shall assume familiarity
with at least its basi denition and its relation to Hohshild ohomology, as an be
found in [5, xIII.4℄. Central to the mahinery developed in [5℄ is the notion of an
admissible resolution or omplex. We will need to onsider a more preise notion.
Definition 2.2. Let 0 ← E0 ✛d0 E1 ✛d1 . . . be a hain omplex of Banah spaes
and ontinuous linear maps. We say that the omplex E∗ is 1-split in Ban if there exist
ontrative linear maps sj : Ej→ Ej+1, j ≥ 0, suh that d0s0 = id and
sj−1dj−1+ djsj = id for all j ≥ 1.
The point of introduing `1-splitness' expliitly is the following simple observation,
whose proof we omit as it is straightforward.
Lemma 2.3. Let I be an index set and let p ∈ [1,∞]. Suppose that for eah x ∈ I
we have a 1-split hain omplex
0← E0(x) ✛dx0 E1(x) ✛dx1 . . .
in Ban, suh that for eah n we have supx∈I ‖d
x
n‖ <∞. Then the ℓp-sum
0←
[p]⊕
x∈I
E0(x) ✛
[p]⊕
x∈I
E1(x) ✛ . . .
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is also a 1-split omplex, and is in partiular exat.
Remark. Without the 1-split ondition, the ℓp-sum of a family of exat hain omplexes
need not be exat: we shall return to this point in Setion 3.
3. Augmentation ideals
The original version of the following lemma was stated in the speial ase of augmen-
tation ideals in disrete group algebras: the author thanks N. Grnbk for pointing
out that a more general result holds.
Lemma 3.1. Let A be a unital Banah algebra whih has a harater ϕ : A→ C,
and let I = ker(ϕ). Then the following are equivalent:
(i) I is simpliially trivial;
(ii) Hn(A, I ′) = 0 for all n ≥ 1;
(iii) for eah n ≥ 1, the anonial map
Hn(A,Cϕ)
ϕ∗
✲ Hn(A,A ′)
that is indued by the inlusion C → A ′, 1 7→ ϕ, is a topologial isomor-
phism.
Proof. The impliations (i) ⇐⇒ (ii) are immediate from the observation that A ∼= I#
and the fat (see [5, Exerise III.4.10℄ or [6, Chapter 1℄) that Hn(B#,M) ∼= Hn(B,M)
for any Banah algebra B and Banah B-bimodule M, where B# denotes the fored
unitization of B.
To get the impliations (ii) ⇐⇒ (iii), onsider the long exat sequene of oho-
mology assoiated to the short exat sequene 0→ Cϕ→ A ′ → I ′ → 0, viz .
. . .Hn(A,Cϕ)
ϕ∗
✲ Hn(A,A ′)
ρ
✲ Hn(A, I ′)→ Hn+1(A,Cϕ)→ . . .
We laim that the map H0(A,A ′)
ρ
✲ H0(A, I ′) is surjetive. If this is true then our
long exat sequene has the form
0→ H1(A,Cϕ) ϕ∗✲ H1(A,A ′) ρ✲ H1(A, I ′)→ H2(A,Cϕ)→ . . .
and the equivalene of (ii) and (iii) now follows from [5, Lemma 0.5.9℄. Hene it
remains only to justify our laim.
For any A-bimodule X, H0(A,X) is just the entre Z(X) of X, so that ρ : Z(A ′) →
Z(I ′) is given by the restrition of a trae on A to the ideal I. It therefore suÆes to
show that every element of Z(I ′) extends to a trae on A. But this is easy: if ψ ∈ I ′
and ψ · a = a · ψ for all a ∈ A, then the funtional a 7→ ψ(a − ϕ(a)1A) gives suh a
trae, and the proof is omplete. 
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We now speialize to group algebras. Throughout G will denote a disrete group,
ℓ1(G) its onvolution algebra and I0(G) the augmentation ideal in ℓ
1(G) { that is, the
kernel of the augmentation harater ε whih sends eah standard basis vetor of ℓ1(G)
to 1.
Definition 3.2. A group G is said to be ommutative-transitive if eah element of
G \ {1G} has an abelian entralizer.
It is not immediately lear that there exist any nonabelian, innite, ommutative-
transitive groups: examples an be found in [8, Chapter 1℄, see in partiular the remarks
after Proposition 2.19. Let us just mention one family of examples.
Theorem 3.3 (Gromov, [3℄; see also [1, Proposition 3.5℄). Any torsion-free word-
hyperboli group is ommutative-transitive.
The arguments given for this in [3℄ are sattered over several setions and are not
easily assembled into a proof. The simplest and learest aount appears in Chapter 3
of the survey artile [1℄ (I would like to thank K. Goda for drawing these notes to my
attention).
Remark. It is often observed that diret produts of hyperboli groups need not be
hyperboli, the standard example being F2 × F2 where F2 denotes the free group on
two generators. In the urrent ontext it is worth pointing out that learly F2 × F2
is not ommutative-transitive (sine the entralizer of (1, x) always ontains a opy of
F2× {1}).
Theorem 3.4. Let G be a ommutative-transitive, disrete group. Then for eah
n ≥ 1, Hn(ℓ1(G), I0(G)
′) = 0.
The key to the proof is the following well-known idea: when we pass to a onjugation
ation, I0(G) deomposes as an ℓ
1
-diret sum of modules of the form ℓ1(Clx), where Clx
denotes the onjugay lass of x. Hene there is an isomorphism of ohain omplexes
(2) C∗(ℓ1(G), I0(G)
′) ∼=
1
[∞]⊕
x∈I
C∗(ℓ1(G), ℓ1(Clx)
′)
where I is a set of representatives for eah onjugay lass in G\{1G}. Our theorem will
now follow from a omputation of the ohomology of the omplex on the right hand
side of (2).
For eah summand on the right hand side of (2), the ohomology groups an be
redued to ertain bounded ohomology groups: more preisely, it is observed in [10℄
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that for eah x there are isomorphisms
(3)
H∗(ℓ1(G), ℓ1(Clx)
′) ∼= Ext∗ℓ1(G)(ℓ
1(Clx),C)
∼= Ext∗ℓ1(Cx)(C,C)
∼= H∗(ℓ1(Cx),C)
where Cx denotes the entralizer of x. It is impliitly laimed in [9, Corollary 3.7℄ that
the ohomology of the ohain omplex
[∞]⊕
x∈I
C∗(ℓ1(G), ℓ1(Clx)
′)
is isomorphi to
[∞]⊕
x∈I
H∗(ℓ1(G), ℓ1(Clx)
′)
If this were the ase then Theorem 3.4 would follow immediately from Equation (3).
However, the justiation given in [9℄ for this supposed isomorphism is insuÆient,
beause it is not in general true that the ohomology of an ℓ∞-sum is the ℓ∞-sum of
the ohomology of the summands.
As evidene we have the following simple example.
Example 3.5. For eah n ∈ N let fn : C → C be the linear map `divide by n': then
the okernel of eah fn is zero, and so if we let f : ℓ
∞(N) → ℓ∞(N) be the ℓ∞-sum of
all the fn we nd that
[∞]⊕
n∈N
oker fn = 0 6= oker f .
(It is preisely this phenomenon whih motivates our somewhat laborious emphasis on
1-split omplexes and isometri isomorphism of omplexes.)
Remark. In the speial ase where G is ommutative-transitive, eah Cx is abelian,
hene amenable, and so for eah x the ohain omplex C∗(ℓ1(Cx),C) has a ontrative
linear splitting. Hene for suh G, in order to dedue that the ohain omplex
[∞]⊕
x∈I
C∗(ℓ1(G), ℓ1(Cx)
′)
splits, it would suÆe to prove that the isomorphisms of Equation (3) are indued by
hain homotopies with norm ontrol independent of x. This is impliitly done in [10,
x4℄, but only for seond-degree ohomology.
Rather than follow the approah outlined in the previous remark, we instead general-
ize the argument skethed in the nal setion of [10℄, so that it applies to any left G-set
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S (i.e. we drop their hypothesis that the ation is transitive). Sine our hypotheses
are weaker, we are not able to dedue isomorphism of ohomology groups as in [10℄;
however, our weaker onlusion suÆes to prove Theorem 3.4.
4. Disintegration over stabilizers
The promised generalization goes as follows:
Theorem 4.1. Let G be a disrete group ating from the left on a set S, and let
S =
∐
x∈IOrbx be the partition into G-orbits. Regard ℓ
1(S) as a Banah ℓ1(G)-
bimodule with left ation given by the G-ation on S and right ation given by the
augmentation ation (x, g) 7→ x.
Let Hx := StabG(x). Then for eah n, H
n(ℓ1(G), ℓ1(S) ′) is topologially isomor-
phi to the nth ohomology group of the omplex
0 ✲
[∞]⊕
x∈I
C0(ℓ1(Hx),C) ✲
[∞]⊕
x∈I
C1(ℓ1(Hx),C) ✲ . . .
Corollary 4.2. Let G, S be as above, and assume that eah stabilizer subgroup Hx
is amenable. Then Hn(ℓ1(G), ℓ1(S) ′) = 0 for all n ≥ 1.
Proof of orollary. Sine eah Hx is amenable, the ohain omplex C
∗(ℓ1(Hx),C) ad-
mits a ontrative linear splitting in degrees ≥ 1. Therefore the hain omplex
[∞]⊕
x∈I
C∗(ℓ1(Hx),C)
is also split in degrees ≥ 1 by linear ontrations, and is in partiular exat in degree n.
Now apply Theorem 4.1. 
Proof of Theorem 3.4, assuming Corollary 4.2. By adapting the remarks preeding
[6, Theorem 2.5℄, it is straightforward to show that
Hn(ℓ1(G), I0(G)
′) ∼= Hn(ℓ1(G), (I0(G)
◦)
′
)
where I0(G)
◦
is the ℓ1(G)-bimodule with underlying spae I0(G) but with trivial right
ation and the onjugation left ation.
(In more detail: there is a ontinuous hain isomorphism Θ∗ from C∗(ℓ1(G), I0(G)
′)
to C∗(ℓ1(G), (I0(G)
◦)
′
), given by
(Θnψ)(g1, . . . , gn) = (g1 · · · gn)
−1 · ψ(g1, . . . , gn)
where ψ ∈ Cn(ℓ1(G), I0(G)
′) and g1, . . . , gn ∈ G. This formula diers slightly from
those in [6, x2℄, beause we wish to redue to the ase of ohomology oeiients with
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augmentation ation on the left, rather than on the right as in [6℄. The two viewpoints
are essentially equivalent; but rather than onvert between the two, it is simpler to
verify that Θ∗ is a hain map and that eah Θn is an isomorphism of Banah spaes.)
Let S = G \ {1G}, regarded as a left G-set via onjugation ation. Then the ℓ
1(G)-
module ℓ1(G)
◦
deomposes into a module-diret sum C ⊕ ℓ1(S), where C is the point
module with trivial ation. Composing the trunation map ℓ1(G) → ℓ1(S) with the
inlusion map I0(G) → ℓ1(G) gives a linear isomorphism I0(G) → ℓ1(S), and this is
also a G-module map (for the onjugation ation). So for this ation I0(G)
◦ ∼= ℓ1(S) as
G-modules, and therefore
Hn(ℓ1(G), I0(G)
′) ∼= Hn(ℓ1(G), ℓ1(S) ′)
Write S as the disjoint union S =
∐
x∈I Clx of onjugay lasses. The orresponding
stabilizer subgroups are preisely the entralizers Cx of eah x ∈ I; sine G is assumed
to be ommutative-transitive and 1G /∈ S, eah Cx is ommutative (hene amenable)
and applying Corollary 4.2 ompletes the proof. 
The proof of Theorem 4.1 is broken into a suession of small lemmas: eah is to
some extent standard knowledge, but for our purposes we need to make expliit ertain
uniform bounds and linear splittings for whih I an nd no preise referene. To do
the requisite book-keeping, we take a funtorial viewpoint.
Notation. The projetive tensor produt of Banah spaes E and F will be denoted
by E b⊗ F.
Given a unital Banah algebra B, we denote by Bunmod the ategory whose ob-
jets are unit-linked, left Banah B-modules and whose morphisms are the B-module
maps between them. Ban is the ategory of Banah spaes and bounded linear maps
(equivalently, Ban ≡ Cunmod).
For suh a B there are two anonial funtors: the `forgetful funtor' U : Bunmod →
Ban, whih sends a module to its underlying Banah spae; and the `free funtor'
B b⊗ : Ban→ Bunmod, whih sends a Banah spae E to the left B module B b⊗E.
If B is a Banah algebra, M is a right Banah B-module and N a left Banah B-
module, we write M b⊗
B
N for the Banah tensor produt of M and N over B (see [5,
xII.3.1℄ for the denition and basi properties).
Definition 4.3. Let B, C be unital Banah algebras, and let F and G be funtors
Bunmod → Cunmod. We say that F and G are isometrially isomorphi if there is
a natural isomorphism α : F → G suh that, for eah M ∈ Bunmod, the morphism
αM : F(M)→ G(M) is an isometry as a map between Banah C-modules.
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Remark. Let B be a Banah algebra and let E∗ be a hain omplex in Bunmod. If
F and G are isometrially isomorphi funtors from Bunmod to Ban, then the hain
omplexes F(E∗) and G(E∗) are isometrially isomorphi. In partiular, if F(E∗) is
1-split then so is G(E∗).
Lemma 4.4 (Fatorization of funtors). Let B be a losed unital subalgebra of a
unital Banah algebra A. Regard A as a right B-module via the inlusion homo-
morphism B →֒ A. Then:
(i) we have a natural isometri isomorphism of funtors
A b⊗
B
(B b⊗ ) ∼=
1
A b⊗
where B b⊗ and A b⊗ are the free funtors from Ban (to Bunmod and
Aunmod respetively;
(ii) we have a natural isometri isomorphism of funtors
BHom( ,C) ∼=
1
AHom
(
A b⊗
B
, C
)
where both sides are funtors Bunmod → Ban.
The proof is lear (the analogous statements without the qualier `isometri' are
essentially given in, for instane, [5, x II.5.3℄).
We shall also abuse notation slightly, to make some of the formulas more legible: if H
is a subgroup of G andM and N are, respetively, right and left Banah ℓ1(H)-modules,
then we shall write M b⊗
H
N for the Banah tensor produt of M and N over ℓ1(H).
Lemma 4.5 (A little more than atness). Let H be any subgroup of G and let
G/H = {gH : g ∈ G} be the spae of left osets. Then we have a (natural)
isometri isomorphism of funtors
UG
(
ℓ1(G) b⊗
H
)
∼=
1
ℓ1(G/H) b⊗(UH )
where UG and UH are the forgetful funtors to Ban (from the ategories ℓ1(G)unmod
and ℓ1(H)unmod respetively).
Proof. Choose a transversal for G/H, that is, a funtion τ : G/H → G suh that
τ(J ) ∈ J for all J ∈ G/H. (Equivalently, τ(J )H = J for all J ). This transversal
yields a funtion η : G→ H suh that
g = τ(gH) · η(g) for all g ∈ G.
Note that η(gh) = η(g) · h for every g ∈ G and h ∈ H.
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If E is a unit-linked left ℓ1(H)-module, dene a ontrative linear map ℓ1(G) b⊗E →
ℓ1(G/H) b⊗E by eg b⊗ v 7→ egH⊗(η(g) · v). This map fators through the quotient map
q : ℓ1(G) b⊗E→ ℓ1(G) b⊗
H
E, and so indues a linear ontration
TE : ℓ
1(G) b⊗
H
E→ ℓ1(G/H) b⊗E
where TE(eg⊗
H
v) := egH⊗(η(g) · v).
On the other hand, the omposite map
RE : ℓ
1(G/H) b⊗E
τ b⊗ idE
✲ ℓ1(G) b⊗E
q
✲ ℓ1(G) b⊗
H
E
is a linear ontration, dened by the formula R(eJ ⊗ v) := eτ(J )⊗
H
v. RE is the omposi-
tion of two maps whih are natural in E, hene is itself natural in E. Diret heking on
elementary tensors shows that RE and TE are mutually inverse maps. Hene R is a natu-
ral, isometri isomorphism from UG
(
ℓ1(G) b⊗
H
)
to ℓ1(G/H) b⊗(UH ) as required. 
Lemma 4.6. Let X be a left Banah ℓ1(G)-module. Regard it as a ℓ1(G)-bimodule
Xε by dening the right G-ation on X to be trivial (i.e. augmentation). Then for
all n there is a topologial isomorphism
Hn(ℓ1(G), X ′ε)
∼= Extnℓ1(G)(X,C) .
Proof. This is a speial ase of the isomorphisms
H∗(A,L(E, F)) ∼= Ext∗Ae (A,L(E, F))
∼= Ext∗A(E, F)
valid for any unital Banah algebra A and any left Banah A-modules E and F. (See
[5, Theorem III.4.12℄.) 
Lemma 4.7. Fix a Banah algebra A and an index set I; and for eah x ∈ I
let 0 ← M0(x) ← M1(x) ← . . . be a hain omplex of ontrative left Banah
A-modules and ontinuous A-module maps.
Suppose that for eah n ∈ N, the family of linear maps (Mn(x)→Mn−1(x))x∈I is
uniformly bounded. Then for every left Banah A-module N, there is an isometri
isomorphism of hain omplexes
AHom
 [1]⊕
x∈I
M∗(x),N
 ∼= [∞]⊕
x∈I
AHom(M∗(x),N)
Outline of proof. Let n ≥ 0. Given ψ :
[1]⊕
xMn(x) → N, dene ψy : Mn(y) → N to
be the map obtained by restriting ψ to the embedded opy ofMn(y). Then (ψy)y∈I is
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a well-dened element of
[∞]⊕
y∈IAHom(Mn(y),N). It is then straightforward to hek
that the funtion θn : ψ 7→ (ψy)y∈I is an isometri linear isomorphism, and that the
maps θn assemble to form a hain map. 
Proof of Theorem 4.1. First observe that by Lemma 4.6, there is a topologial iso-
morphism
Hn(ℓ1(G), ℓ1(S) ′) ∼= Extnℓ1(G)(ℓ
1(S),C) .
Sine Ext may be alulated up to topologial isomorphism using any admissible pro-
jetive resolution of the rst variable, it therefore suÆes to onstrut an admissible
ℓ1(G)-projetive resolution 0← ℓ1(S)← P0← P1← . . . with the following property:
(∗) the ohain omplex 0 ✲ ℓ1(G)Hom(P∗,C) is topologially isomorphi to
0 ✲
[∞]⊕
x∈I
C∗(ℓ1(Hx),C) .
We do this as follows. For eah x ∈ I, let 0 ← C ← P∗(x) denote the 1-sided bar
resolution of C by left ℓ1(Hx)-projetive modules, i.e.
0← C ✛εx ℓ1(Hx) ✛dx0 ℓ1(Hx)b⊗2 ✛dx1 . . .
where εx is the augmentation harater and d
x
n : ℓ
1(Hx)
b⊗n+2 → ℓ1(Hx)b⊗n+1 is the
ℓ1(Hx)-module map given by
dxn(eh(0)⊗ . . . ⊗ eh(n+1)) =


n∑
j=0
(−1)jeh(0)⊗ . . .⊗ eh(j)h(j+1)⊗ . . .⊗ eh(n+1)
+(−1)n+1eh(0)⊗ . . .⊗ eh(n)
for h(0), h(1), . . . , h(n+ 1) ∈ Hx. The omplex 0← C← P∗(x) is 1-split in Ban and so
remains 1-split after we apply ℓ1(G/Hx) b⊗ to it. Therefore, by Lemma 4.5 and the
remark following Denition 4.3, the hain omplex
(4) 0← ℓ1(G/Hx) ✛eεx ℓ1(G) b⊗Hx P0(x) ✛
edx0 ℓ1(G) b⊗
Hx
P1(x) ✛
edx1 . . .
is 1-split as a omplex in Ban. Here, we have written ε˜x for the ℓ
1(G)-module map
ℓ1(G) ⊗
Hx
εx, and d˜
x
n for the ℓ
1(G)-module map ℓ1(G) ⊗
Hx
dxn.
For eah n ≥ 0 let Pn be the left Banah ℓ
1(G)-module
Pn :=
[1]⊕
x∈I
ℓ1(G) b⊗
Hx
Pn(x) ;
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write ε˜ for the ℓ1-sum of all the ε˜x, and dene d˜n similarly for eah n ≥ 0. As the ℓ
1
-sum
of 1-split omplexes is 1-split (by Lemma 2.3), the omplex of Banah ℓ1(G)-modules
(5) 0←
[1]⊕
x∈I
ℓ1(G/Hx)
✛
eε
P0 ✛
ed0
P1 ✛
ed1
. . .
is 1-split as a omplex in Ban. There is an isomorphism of ℓ1(G)-modules
ℓ1(S) = ℓ1
(∐
x∈I
Orbx
)
∼=
1
[1]⊕
x∈I
ℓ1(Orbx) ∼=
1
[1]⊕
x∈I
ℓ1(G/Hx
)
where in the last step we identied the orbit of x with the oset spae G/Hx via the
orrespondene g·x↔ gHx. Hene 0← ℓ1(S)← P∗ is an admissible omplex of Banah
ℓ1(G)-modules.
Moreover, for eah x ∈ I and n ≥ 0, Lemma 4.4 provides an isometri isomorphism
of left ℓ1(G)-modules
ℓ1(G) b⊗
Hx
Pn(x) ∼=
1
ℓ1(G) b⊗ ℓ1(Hx)
b⊗n
and taking the ℓ1-diret sum over all x yields isometri isomorphisms of left ℓ1(G)-
modules
Pn =
[1]⊕
x∈I
ℓ1(G) b⊗
Hx
Pn(x) ∼=
1
[1]⊕
x∈I
ℓ1(G) b⊗ ℓ1(Hx)
b⊗n ∼=
1
ℓ1(G) b⊗
 [1]⊕
x∈I
ℓ1(Hx)
b⊗n

from whih we see that eah Pn is free { and hene projetive { as an ℓ
1(G)-module.
Combining the previous two paragraphs we see that 0← ℓ1(S)← P∗ is an admissible
resolution of ℓ1(S) by ℓ1(G)-projetive modules.
It remains to verify the ondition (∗). Observe that for eah x
ℓ1(Hx)Hom(P∗(x),C)
∼=
1
C∗(ℓ1(Hx),C) ;
hene by Lemma 4.4 we have
C∗(ℓ1(Hx),C) ∼=
1
ℓ1(G)Hom
(
ℓ1(G) b⊗
Hx
P∗(x), C
)
,
and taking the ℓ∞ -sum over all x yields
[∞]⊕
x∈I
C∗(ℓ1(Hx),C) ∼=
1
[∞]⊕
x∈I
ℓ1(G)Hom
(
ℓ1(G) b⊗
Hx
P∗(x), C
)
∼=
1
ℓ1(G)Hom(P∗,C)
where for the last isomorphism we appealed to Lemma 4.7. 
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5. Corollaries and losing remarks
Corollary 5.1. Let G be a ommutative-transitive, disrete group. Then I0(G) is
simpliially trivial.
Proof. This is immediate from ombining Lemma 3.1 and Theorem 3.4. 
Remark. Realling that biat Banah algebras are simpliially trivial, it is natural to
enquire if our result might follow from biatness of I0(G). To see that this is not always
the ase, observe that if I0(G) is biat then H
2(I0(G),Cann) = 0 by [11, Theorem 4.13℄,
while it is known that
H2(I0(F2),Cann) ∼= H
2(ℓ1(F2),C) 6= 0 .
While it is known that I0(G) is amenable if and only if G is, there appears to be no
analogous haraterization of preisely when I0(G) is biat.
Question. Let G be a disrete group. If I0(G) is biat, is G amenable?
Remark. We remarked earlier that F2 × F2 is not ommutative-transitive. The argu-
ments above show that I0(F2× F2) is not simpliially trivial, sine its seond simpliial
ohomology will ontain a opy of the seond bounded ohomology of C(x,1) where
x ∈ F2 \ {1}. (To see that H
2(ℓ1(C(x,1)),C) is non-zero, observe that C(x,1)
∼= Cx × F2
is the diret produt of a ommutative group with F2, hene has the same bounded
ohomology as F2 ; by [6, Proposition 2.8℄ H
2(ℓ1(F2),C) 6= 0.)
The question of what happens for augmentation ideals in non-disrete, loally om-
pat groups is muh trikier sine measure-theoreti onsiderations ome into play.
Johnson and White have shown [7℄ that the augmentation ideal of PSL2(R) is not even
weakly amenable; in ontrast, PSL2(Z) is known to be ommutative-transitive and so
by our results its augmentation ideal is simpliially trivial.
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